An extension of the Wigner inequality: theory and experiment 
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In the study of systems that can not be explained classically, the Wigner inequality, has received 
only a small amount of attention. In this paper we extend the Wigner inequality - originally 
derived in 1969 - and show how it may be used to contradict local realism with only coincidence 
detections in the absence of two-outcome measurements - that is, any system where only one possible 
result of a pair of potential outcomes can be registered. This encapsulates a much broader class 
of measurement schemes than could previously violate a local-realistic inequality. We then apply 
this inequality to a recently constructed setup with access to entangled pairs of photons with very 
high angular momenta, in which no previously derived local-realistic inequality could successfully 
be used without making very broad assumptions. This experiment constitutes the first violation of 
local realism with such high quanta. We thus demonstrate the versatility of this inequality under 
very lossy conditions. 

PACS numbers: 03.67.Hk, 03.65.Ud, 42.50.Xa, 42.50.-p 
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The ability to banish the local-realistic world- view can 
be an important benchmark for experiments in quantum 
physics. Much effort has been dedicated in recent decades 
to highlight the contradictory predictions of classical and 
quantum mechanics with ever larger and less conven- 
tional systems. As a result, in recent years the num- 
ber and complexity of experiments whose results can not 
be explained using local-realistic theories has increased 
dramatically. At the forefront of those efforts are the ex- 
periments which seek to entangle novel quantum systems. 
Many inequalities exist whose violation provides evidence 
against the proposition of local- realism (under reasonable 
assumptions) and thus shows quantum behavior. 

These inequalities require either dichotomic (that is, 
two-outcome) measurements on correlations (coincidence 
counts, photonically) , or the use of local measurements 
(singles, photonically) 1-3]. Examples of dichotomic 
measurements are spin up or spin down, horizontal or 
vertical polarization, etc. Implementing the two-outcome 
measurements required by most tests of classical-realism 
can be difficult. The other option is to explicitly include 
the single count rates, which typically are much higher 
than coincidences, requiring very high efficiency. For ex- 
ample, in the seminal paper by Aspect Q only polarizers 
are used - not polarizing beam splitters - and in fact it 
is not until later 5] that true dichotomic measurements 
are used, allowing violation without reconstructing the 
statistics for dichotomic outcomes based on the statistics 
for single-outcome measurements. 

An exception to these conditions is the Wigner In- 
equality (WI), which needs only single-outcome coinci- 
dences 0. The price for this flexibility is that the orig- 
inal derivation of this inequality assumes perfect anti- 
correlations. 

Stated most concisely, in its simplest form as derived 
in 1969, the Wigner inequality gives a restriction on 
the statistical measurement outcomes of potential hidden 



variable models (HVM) of perfectly anti-correlated, two- 
particle, spin- 1/2 systems - given three potential mea- 
surement settings. Specifically, it states that the prob- 
abilities of getting coincident detections (either spin-up, 
spin-up; or spin-down, spin-down) must obey the rela- 
tion Pi 3 < Pi 2 + P23 where the subscripts indicate one 
of the three settings (typically projection angles) on ei- 
ther the first or second particle (indicated by first or sec- 
ond position in the subscript). This inequality can be 
violated quantum mechanically with a singlet state by 
3/4 < 1/4 + 1/4. These basic statements will be derived 
carefully and expanded upon in what follows. 

Modified versions of the WI have been found which do 
not require perfect anti-correlations, however these again 
require dichotomic measurements [7J, |8j. In this paper 
we derive an extended version of the Wigner inequality 
which does not require dichotomic measurements, use of 
the singles, or perfect anti-correlation. This allows vio- 
lation of local realism in a much broader class of experi- 
mental systems than was possible before. 

In the following section an extended version of the orig- 
inal Wigner inequality is derived and we carefully outline 
the necessary assumptions, including how we maintain 
the single-outcome-only measurements despite the real- 
ity of imperfect anti-correlations. In the third section 
we apply the newly derived inequality to a recent exper- 



iment |11| utilizing very high orbital angular momentum 
- a situation in which other tests of local realism may not 
be applied (due to the nature of the detection scheme). 
In the final section we summarize the main points of the 
paper. 

Derivation of the General Inequality- Following Wigner 
|6J , assume that there exists a deterministic description of 
the world which relies on a hidden variable - which com- 
plectly defines the results of all possible measurements, 
but which is not in principle known or knowable. When a 
measurement is performed, the statistical distribution of 



the hidden variable reproduces the probabilities for the 
potential outcomes. We need not be concerned about the 
actual statistical distribution of the variable, but only de- 
fine domains of it which correspond to obtaining a given 
result when a particular measurement is performed. Each 
of these domains will be represented by a symbol which, 
herein, will be called a "Wigner-symbol" . 

We will take the case of a two particle system, where 
some degree of anti-correlation is present, and assume 
that these anti-correlations can be explained via classical 
statistics. We limit the measurements settings to three 
possibilities for each particle <f>\, <j) 2l and </>3. We limit 
the measurement outcomes to two possibilities: a detec- 
tion, or no detection. So, we can define the Wigner- 
symbols (representing domains of the space of the sta- 
tistical distribution of the hidden variable) in the form 
(</>ia,</ , 2a,</ , 3a;0ifc,</>2b,036), where the <£'s can take the 
values of "+" or "— " , indicating a detection, or no de- 
tection, respectively at the setting, and particle (a or 6), 
indicated by the subscripts. If we had the case of per- 
fect anti-correlation we could write only symbols which 
exhibited this quality, like (+ H — , h). This sym- 
bol would mean, for example, if a <f>\ measurement were 
performed on particle a and a 4> 2 measurement were per- 
formed on particle b the results would be a detection and 
no detection, respectively. However, we must allow for 
the possibility of symbols which do not represent perfect 
anti-correlations, as particle pairs which are not perfectly 
anti-correlated can and do occur. This generality is an 
extension to the original inequality as derived by Wigner. 

The Wigner-symbols also have the direct interpreta- 
tion as the probabilities that the hidden variables take 
a value lying in the domain specified by that symbol. 
That is, the size of the domain corresponding to the in- 
dicated measurement outcomes is the probability of such 
an outcome occurring. Note, that we have made no as- 
sumptions about how the symbols are weighted and thus 
have made no assumptions about the statistical distribu- 
tion of the hidden variables. Now, if we are to assume 
that there exists a realistic description of the world, the 
probabilities for some chosen outcomes of the described 
setup can be written as 



Pl3 = (+ + ",-- 

Pl2 = (+-+,- + 
P23 = (" + -, + - 



+ ) + (+-- - + +)+Sl3, (1) 
-) + (+-- - + +)+Sl2, (2) 
+) + (+ + -,- -+)+S 23 . (3) 



Where the Pij's are the probabilities of getting a coin- 
cident detection when the detectors are set to the mea- 
surement positions indicated by the subscripts. For ex- 
ample, Pi 3 is the probability that we detect particles a 
and b if the measuring devices are in settings <j)\ and ^3 
respectively. The symbols Sij represent a collection of 
those Wigner-symbols which do not exhibit the perfect 

anti-correlation, for example (+ + +, h). There are 

14 such Wigner-symbols included in each S^. Putting 
Eqs.([2]) and ([3]) in a slightly different form 



Pl2-(+-+,- + -)-Si2 

Pa3-(- + -, + -+)-5a3 

And then using this, we write 



= (+ + --- 



(4) 
(5) 



Pl2-S' 12 > Pl2 -(+-+,- + -)- <Sl2, 

> (+--,-++), (6) 

-P23 — S 23 — P 23 — ( — ' — '4 ^) ~~ ^ 23 ' 

> (+ + -,--+)• (7) 

Where S' l2 and £23 consist of only those Wigner-symbols 
representing imperfect anti-correlations for which the 
same symbol exists in S13. Direct substitution of Eq.© 
and Eq.0 into Eq.^TJ yields P 13 -S < Pi 2 + P 23 . Where 
S collects all those Wigner-symbols which exhibit imper- 
fect anti-correlations which can not be canceled out. If 
we were to take S to zero we would recover the original 
result by Wigner. Now, 
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(8) 



The first line explicitly includes all the symbols lacking 
from Wigner 's original derivation. There are 28 terms in 
total, of which 24 cancel out. The fact that these cance- 
lations can be made is a direct result of the assumption 
of the independence of measurement context. In the sec- 
ond line we write the result. The second and third terms 
can be bounded from above by observing the coincident 
intensity at a measurement setting where there is a min- 
imum - at (f) a 3 and 4>b3 for the second term, and 4> a \ and 
4>bi for the third. Either of these measurements will also 
set an upper-bound on the fourth term. More problem- 
atic is the first term, if dichotomic measurements were 
available an upper-bound could be placed on this term di- 
rectly, by making measurements of "no-click" outcomes. 
However, in their absence, this term will be estimated 
via an extended assumption of fairness. 

The assumption of fairness of measurement results re- 
lates to a loophole in Bell and CHSH-type inequalities, 
known formally as "fair sampling" . This loophole can be 
closed by increasing the detector efficiency to a suitable 
degree @ . Though any particular application of the ex- 
tended Wigner inequality may, or may not, be susceptible 
to a fair sampling loophole our assumption of "extended 
fairness" differs. It is however philosophically reminis- 
cent, in the sense that it is in some way an assumption 
that the hidden variable model is not "conspiring" . 

Precisely, our assumption is that: An imperfect corre- 
lation is not more likely to occur when detectors are set 
to any particular measurement position. This is a less 
well-founded assumption than fair sampling - as fair sam- 
pling assumes that the HVM allows the detection device 



to fairly sample the ensemble - whereas extended fairness 
assumes that the detection device, and whatever object 
allows projections in the Hilbert space (eg. polarizer) 
are both acting fairly and not influencing or influenced 
by the HVM. 

It is important to point out that - while our assump- 
tion is a somewhat broader one than fair sampling due to 
the fact that is physically includes more of the experimen- 
tal setup - it is still a more well founded assumption than 
the "no-enhancement assumption" of Clauser and Home 
[lCf . The no-enhancement assumption states that the ad- 
dition of a polarizer can not enhance the probability of 
a detection. Our assumption allows for the polarizer (or 
other device) to enhance, degrade, or have no effect on 
counts. Furthermore a Bell- type inequality derived using 
no-enhancement requires correlation measurements with 
the polarizers (or other devices) removed, which can cre- 
ate problems in implementation (physical difficulty, and 
skewed count rates). 

With the addition of this assumption we can take the 
first term of Eq. (|5J| and determine which symbols repre- 
senting perfect correlations could give rise to the S term 
of interest under some physical process (dark count, scat- 
tering, etc.). Both (H , - + +) and (+ + -, h) 

could give rise to (H , h) after a single physical 

event. For each of these symbols representing a perfect 
correlation there are six symbols which represent a single 
event occurring to that symbol. The fundamental ap- 
plication of our assumption is that each of these twelve 
symbols are equally likely, and that therefore we may 
replace one with another without changing the proba- 
bilities of the outcome. We take (H , (-) and 

replace it with (H , + + +). Similarly we can replace 

(H h, h) with (H , + H ) (this second re- 
placement is not strictly necessary, though it simplifies 
our derivation without loss of generality); Eq.© thus 
becomes 



S = (H , + + +) + (H , + + -) 

+(+--+-+) + (+-+, + -+)<Pii. (9) 

Where we have once again employed a straightforward 
relationship between the Wigner-symbols and the prob- 
abilities of seeing correlations at specific measurement 
positions. The inequality now becomes 



Pi: 



Pu < Pv. 



Pi. 



(10) 



Note now that the inequality is written totaly in terms 
of measurable quantities, requiring only single outcome 
measurements on a bipartite system which displays some 
degree of anti-correlation. Assuming convex probabilities 
we can re-write it as 



hi — Anin < I\2 + -^23- 



(11) 



Where the I's indicate intensities. This constitutes the 
main theoretical result of this paper. Violation of this 
inequality negates the possibility of a local-realistic de- 
scription of the world under the outlined assumptions. 

Now, if we are to compare this with a system de- 
scribed by quantum physics, for example, an entangled 
pair of spin-1/2 particles, described by the pure singlet 
state, and taking the measurements to be positive pro- 
jections onto a chosen direction given by angle 9, we have 
P xy {e x ,e v ) = sin 2 (6 x -6y) 

If we make the choices 9 X = 0°, 9 2 = 30°, and 6 3 = 60°. 
Then we find: 3/4 < 1/4+ 1/4. So clearly, quantum me- 
chanics contradicts the local-realistic description of the 
world assumed in the formulation of the Wigner inequal- 
ity. The chosen angles offer the maximal violation. For 
this example using pure, maximally entangled states we 
had Pu = 0. Our inequality allows generalizations to 
when this is not the case. The theoretical and experimen- 
tal characterization of one such case will be the subject 
of the next section. 

Violation with very high orbital angular momentum- A 
recently reported experiment on entan glin g states of very 
high orbital angular momenta of light [ll| presents a dif- 
ficult case if one wants to violate local realism using the 
generated entanglement. 

For paraxial beams the total angular momentum sepa- 
rates out into well-defined spin [12| and orbital [13[ com- 
ponents. Laguerre-Gauss beams naturally carry integer 
amounts of orbital angular momentum (OAM) in units of 
h, as the quantum number I . One promising avenue of re- 
search is using the OAM degree of freedom as an infinite 
alphabet for quantum informatics tasks, and quantum 
communication |14l Il5| . An important element of many 
such protocols is entanglement of beams with different 
OAM. 

In our experiment, entanglement of the form | Z) a | — /)&+ 
| — Z) a |?)b is generated by initially creating entanglement 
with a Sagnac source and transferring the polarization 
entanglement to OAM with an interferometric scheme. 
For more details see Ref . [ill] . The subscripts a and b 
label two spatial modes, and ±1 is the OAM quantum 
number of the photon. 

This state is maximally entangled in the OAM ba- 
sis which spans a two-dimensional subspace of the full 
infinite-dimensional OAM Hilbert space. Another no- 
table feature of this state is that its coincident-intensity, 
between the two beams, as a function of angular position, 
displays an interference pattern with 21 fringes. Specif- 
ically, the coincident intensity, calculated quantum me- 
chanically, is given by cos 2 (l(<fi a — (fib)), where <fi a and 
(fib are the angular positions. Given this information, a 
way of determining whether or not a source is producing 
the target state presents itself rather intuitively. That 
is, placing a slit wheel with 21 transparent slits (the rest 
being opaque) in each beam, and then rotating one or 
the other of them so that the interference pattern can 
be read out by bucket detectors placed behind them as a 
function of slit- wheel position. If the pattern matches the 



expected fringes, then it can be concluded that the target 
state is being produced. This is illustrated in FigfTJ 




FIG. 1: The setup produces two beams of entangled photons, 
which are then incident on slit wheels rotated to the given 
angles. Behind the slit wheels are bucket detectors. Fringes 
as a function of slit-wheel-angle difference can be seen in the 
coincidence counts. 

This procedure though simple, intuitive, and inexpen- 
sive, is difficult to turn into a test of the classical world- 
view. Dichotomic measurements are not available be- 
cause the slit wheel does not project in a two-dimensional 
space. This means inequalities of the type employed by 
Aspect in his third experiment (5|, as well as any other 
dichotomic scheme, may not be employed. Furhtermore, 
due to the very lossy nature of each slit wheel single 
counts are always much greater than coincidences. Thus, 
any inequality which employs both coincidences and sin- 
gles (such as in Ref . [1(3] ) will be impossible to violate. 
However, these are not insurmountable problems for the 
inequality derived in the previous section, as we do not re- 
quire dichotomic measurements and the problems caused 
by loss are less dramatic. 

Before proceeding, it will be crucial to address an im- 
plication of the assumption of extended fairness. That 
is, that some of the noise present in the compensation 
term (I m i n ), will be the result of the object performing 
the projection in the Hilbert space of the state being 
measured. For the case of the slit wheel a significant re- 
duction of visibility is due to the fact that the slits are 
of finite width. However this effect can be predicted pre- 
cisely with a theoretical model and then subtracted off 
from the results. 

First, we write the Laguerre-Gauss beam in terms of 
angular position states 
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Jl<t>\ 



(12) 



The phase factor comes from the transverse phase profile 
of the LG modes. Now we can also write the projection 



operators representing the slit-wheels and bucket detec- 
tors 



O a 



o b 



2J-1 „f(n+W s ) 
n—0 ^r 


21-1 / ,f[ n+ w s )+<p 

E / M 


H*-sX*-s 





(13) 



(14) 



Where W s is the slit width as a fraction of the distance 
to the next slit, and a and b label which beam the wheel 
is placed in. The shift in the projector states by tt/21 
indicates that the data (or wheel) should be shifted one 
half-cycle. This relabeling causes the events to be anti- 
correlated as opposed to correlated. The factor (f> rep- 
resents the relative difference in angle between the slit 
wheels. We can then write the expectation value of both 
slit wheel operations, (O a Ob), as 



P(<t> a ,4> b )=W* 



cos(2l(f) ) 



sin 2 (7rW s ). (15) 



We can now make the replacement in Eq. (|ll[) 



p . 

1 mir 



P„ 



(16) 



Where the J's are the experimentally measured values 
and the P's are the predicted probabilities. This com- 
pensates for the finite slit width. 

For the case of the state 1 100) Q | - 100) h + 1 - 100) a |100) b 
we choose the measurement angles §\ = 0°, 4>2 = 0.3°, 



and 



0.6° and find I 



13 



5654 ±75, L 



991 ±31, 



4 iax = 7845 ± 89, I 12 = 2202 ± 47, and I 23 = 2456 ± 50 
in terms of total counts, assuming possionian statistics. 
The slit width used is W s = 0.149, yielding P min = 0.002, 
and P max = 0.043 This results in a violation of Eq. fTTj) 
by 5026 ± 116 < 4658 ± 69. This experiment represents 
the first violation of local realism with such high quanta. 
Conclusions- We have derived a new version of the 
Wigner Inequality which can be applied to any exper- 
imental setup where some degree of anti-correlation is 
present between two particles. Violation of this inequal- 
ity excludes the possibility of a local-realistic description 
of the experiment, under a set of assumptions which we 
have outlined. Unlike Bell and CHSH-type inequalities, 
the derived inequality does not require two-outcome mea- 
surements or use of singles - allowing its application to 
systems to which other tests of local realism can not be 
successfully applied. We experimentally violated the in- 
equality in a novel system: an experiment where very 
high orbital angular momenta are entangled. Due to the 
particulars of the detection scheme, other local-realistic 
inequalities could not be violated. 
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